AP Calculus BC

Unit 11 - Power Series



AP Calculus BC — Worksheet 87

Introduction to Power Series; Interval and Radius of Convergence

Find the series’ radius and interval of convergence.
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Answers to Worksheet 87
1) R=L-1 1
) TS ) rR=t:_l_xco 3) R=Z:loxar
4 2 33

4) R=1-3<x=-1

5 R=10<x<2

6) oo; convergent for all x

7) oo; convergent for all x

8 R=3,—-3<x<3

9) R =0; convergent for x=4 only




AP Calculus BC — Worksheet 88 Power Series

Find the series’ radius and interval of convergence.
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7) For what values of x does the series 1— 1(x -3)+ Z(x —3)2 +--- converge?

For #8-10, write out the first six terms of each series. Determine the radius and interval of convergence for each.
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AP Multiple Choice

) 2n
x—3
The radius of convergence for the power series z(‘% is equal to 1. What is the interval of convergence?
n=l
(A) -4 <x<-2 (B) -l<x<l (€) -1<x<l
(D)2<x<4 (E)2=x<4
4)“u

What is the radius of convergence of the series 27
n=0 2

(A) 243 (B) 3 (€ 3 (D) "L_ (E) 0




AP Calculus BC — Worksheet 89 Taylor/Maclaurin Polynomials

Find the third-degree Taylor polynomial generated by f centered at x=a.

1) f(x)=Inx;a=1 2) f(x):sinx;azg

3) f(x)=\/§;a=4 4) f(x)=e‘,a=2

Find the first four terms and the general term for the Maclaurin series of each function.

AP Multiple Choice

Let P(x) =3 —3x> + 6x” be the fourth-degree Taylor polynomial for the function f about x = 0. What is the

value of f'*(0)?

(A) 0 (B) % () 6 (D) 24 (E) 144
ANSWERS
1 2 2
1) T(x)=(x-1)-5(x-1) + 2(x-1 2 T(X):£+£(X_zj_£[x_zj _ﬁ(x_z
2 2" T4) T a\"d) 12U
3) T(X)=2+ 2 (x—4) =S (x— 2 4~ (x—4) | 4) T(x)=e+e?(x—2)+ S (x=2) + - (x=2)
2 21.2° 21.2° 21 31
-1)" M(X)=1-x+x2=x®+---+(=1)"x"
5) M(x)=1—x+1x2 X3+ +—( )x” ) (x) e
T n!
3 5 7 2n+1 _ 2 3
7 M(x):3x—3—x3 3—x5—3— T 3 2 8) M(x)=1+3x+3x*+x
I 51 7! (2n+1)!




AP Calculus BC — Worksheet 90 Taylor and Maclaurin Series

1 e2x (Find the 4% degree 2. sin2x (Find the 3™ degree 3. tanx (Find the 3™ degree
Maclaurin polynomial.) Maclaurin polynomial.) Maclaurin polynomial.)

Find the 3™ degree Taylor polynomial about x = a for the following functions:

4 exX a=1 5. Inx a=1 6. \/: a=4
Find the Maclaurin series for the given function. Express your answer in sigma notation.
1
7. ex 8.
I +x

Find the Taylor series about X = a and express your answer in sigma notation.

0 L A= 1 10. eX a=2 11. Inx a=1
X
Answers:
1 1—2?{+2X2—1K3+3X4
' - 3 3

4
— <3
2. 2x 3x

1
1.3
3. x+3_x

1. etex-D+yx-D2+3-1)3

(x—l)—%(x—1)2+%(x—1)3

n

1 1 1
6. 2+3(x-4) —F(x—-t)z +2—9(x—4)3

Cf:.

x2 x3 X2

7. 1—x+ﬁ—§+...= 2(—1)“E
n=

el
8 1-x+x2-x3+xt+...= D (-1)nxn
n=0

o0
9. —1-x+1D)-x+1P2-xE+1)P3-...= D~(x+1)n
n=0

o
2 2 2
10. 2 +eX(x-2)+5(x~2) 2+ 3 (x-2) 3 +... = 2%@;—2)“
n=0

o0
1 1 1 (1) (x — 10
11. (x—1)—5(x—1)2+§(x—1)3—1(x—1)4+...=Z =

n=1



AP Multiple Choice

o

The Taylor polynomial of degree 100 for the function f about x = 3 is given by

4 6 2n 100
2 (x—=3 (x =3) 1(x—=3) (x —3) .
P(x) = (x—3) - 2!) b+ (D) (T*"_T' What is
the value of fm} (3)?
30! 1 1 1 30!
A) —2= B) —— C) — D) — E) ==
(A) 15! () 30! © 30! ) 15! ©) 15!

A

The nth derivative of a function f at x = 0 is given by f(’”(O) = (—I)”&

( 2)3” for all n = 0. Which of the
n+2)2

following is the Maclaurin series for f?

1 1. 32, 1.3
(A) 2+3.x 32.!{ +60x

Let f be a function having derivatives of all orders for x > 0 such that f(3) =2, f’(3) = -1, f"(3) =6, and
f7(3) = 12. Which of the following is the third-degree Taylor polynomial for f about x = 37

(A) 2—x+6x% +12x°
(B) 2—x+3x> +2x°
(C) 2-(x=3)+6(x-37+12(x-3)
D) 2—(x=3)+3(x-3)" +4(x-3)°

(E) 2—(x—3)+3(x-3)*+2(x-3)°




AP Calculus BC — Worksheet 91 Taylor/Maclaurin Series

Find the Maclaurin series for the following functions.

1) e 2) e*? 3) 5sin(-x)
4) cos/x 5) xe* 6) x*sinx

? . x? 9) xcoszx
7) ?—l+cosx 8) smx—x+§

10) x*cos(x’)

Use series to evaluate each limit.

e —(1+x L et—e”
11) Iim(—z) 12) lim
x—0 X x>0 X
2 HS
1—cost—E sin9—¢9+E
13) lim——2 14) lim———5-




AP Calculus BC — Worksheet 92

Power Series Review

1 o0 N
The series ZX—
n=0 n!
1 . .
0< x<§ B) converges only if -1<x<1 C) converges only if x=0
D) converges for all values of x E) diverges
2 . . o e +e*
The first three terms in the Maclaurin series for are
2 4 2 4 3 5 3 5 2 3
A) 1+ 5% B) 1+ 5 X C) x+ 2 X D) x+ g X E) x+ 2 X
2 4 21 4 3 5 31 5! 2! 3!
3 0 2 n
For what values of x does the series Z(X il 2) converge?
= n+
A) -1<x<1 B) 3<x<-1 C) 3<x<-1 D) -1<x<3 E)
1<x<3
4 T ! T
The coefficient of (X_Ej in the Taylor series for sinx about X:E is
1 1 1 1 1
A —— B) — C) — D) —— E) —
) 2 ) 12 ) 24 ) 720 ) 24
S .  Apon
The interval of convergence of the power series ZSX is
n=0
11
A) (=) B) (-5.5) o) [-11] ) |- ) (L1
6 T i v
The coefficient of (X—Ej in the Taylor series for sinx about x=E is
1 1 1
J— _ | — -
A) 3 B) -1 C) 6! D) ol E) !
7 o ooy
The coefficient of x* in the power series »_(-1) is
pur) (2n+1)!
1 1
A) 1 B) — C) -1 D) — E) ——
) ) 5 ) ) 120 ) 5
8 0 n XZn
If f(x)=>(-1) — for all real x, then f*(0)=
n=0 n:
A) 0 B) 1 C) - D) 2 E) -2
Answers
1. D 2. B 3. B (4. C 5. E 6. D 7. E /8. E




AP Calculus BC — Worksheet 93 Power Series — Review for the Test

1 ® )"
What is the radius of convergence for the power series Z(—X) ?
n=0
1 1
A — B) — o1 D)3 E) 6
3 2
2 The first three terms in the Maclaurin Series for In(1+ x) are
2 2 3 2 3 3 5 3 5
A) 1- XX B) x— X4 X C) x+ 2 X D) 1- XX E) 1+ 54X
2 3 2 3 2 3 3 5 3 5
3 2 (-1)"x" . : : . :
z —Is the Taylor series about zero for which of the following functions?
~ nl
A) sinx B) cosx C) e* D) e E) In(1+x)
4 . I n X3
The interval of convergence of the power series Z(—l) ﬂ IS
n=0 n)
11
A) (—5,5] B) (—o0,) C)5 D) c's E) [—5,5]
5 . . o . d|&2x"
Which of the following functions is equivalent, for all values of x, to i Z ' ?
x| &5 n!
A) e B) 2sinx C) e** D) 2cosx  E) 2¢*
6 If the first three terms of the Maclaurin series for e* are A+ Bx+Cx*, where A,B, and C are constants, then
the value of A+B+Cis
A) 3 B) 2 C) > D) > E) 1
2 3 2
T |If f(x)=x"e", then £ (0)= ~the 17" derivative of f at 0"
1 17! 6 17!
A — B) — C) — D) — E)O
) 2 ) 6 ) 17! ) 2 )
8 Which of the following is the Maclaurin series for sinx?
00 N X2n+1 O x" 0 " XZn 0 n Xn+1 0
A -1) — B — C -1 D -1 E X"
) nzz(;( ) (2n+1)! ) nzz(;n! )nzz(;( ) (2n)! )nzz.;( ) n+1 )nzz;‘
9
. 1 11 . . .
How many terms of the series 1_§+§ -z +--- are needed to approximate its sum with an error of less than
0.01?
Answers:
9. D 10. B 11. D 12. B 13. E 14. C 15.D 16. A




AP Calculus BC — Worksheet 94 Free Response Questions - Taylor and Maclaurin Series

2015 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

oo n-1 n-1
) . . . L -3 3 2 -3
6. The Maclaurin series for a function f is given by z( r): = x- SX°+ a0 -+ ( 31 x" + - and
n=1 =

converges to f(x) for |x| < R, where R is the radius of convergence of the Maclaurin series.
(a) Use the ratio test to find R.
(b) Write the first four nonzero terms of the Maclaurin series for f’, the derivative of f. Express f" asa

rational function for |x| < R.

(c) Write the first four nonzero terms of the Maclaurin series for e*. Use the Maclaurin series for e* to write

the third-degree Taylor polynomial for g(x) = e*f(x) about x = 0.

2016 AP®” CALCULUS BC FREE-RESPONSE QUESTIONS

6. The function f has a Taylor series about x = 1 that converges to f(x) for all x in the interval of convergence.

— 1
It is known that f(1) =1 f’(1) = —=. and the nth derivative of f at x = 1 is given by f"(1) = (—1)" (n—1):

2“

b =

for n = 2.

(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 1.

(b) The Taylor series for f about x = 1 has a radius of convergence of 2. Find the interval of convergence.
Show the work that leads to your answer.

(c) The Taylor series for f about x = 1 can be used to represent f(1.2) as an alternating series. Use the first
three nonzero terms of the alternating series to approximate f(1.2).

(d) Show that the approximation found in part (c) is within 0.001 of the exact value of f(1.2).




